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Abstract-The problem in the plane theory of elasticity of an elastic layer bonded to an elastic half-space of
the same material is considered. The formulation is achieved by means of integral transforms and the problem
is reduced to the solution of a system of singular integral equations. Anumerical solution is accomplished for
the half-space and layer by use of the collocation scheme developed hy Erdogan and Gupta.

INTRODUCTION
The problems that will be considered in this paper are concerned with the bonding of two elastic
bodies to one another. For the considered problem the bond is of such a nature that the thickness
of the adhesive can be considered negligible; therefore continuity of displacements between the
bodies will be assumed. Of interest are the magnitudes and distributions of the normal and shear
stresses in the bond since they will determine the strength of the bond, and if it fails, the manner
of failure. The specific geometry to be considered is that for a layer of finite length bonded to a
half-space (Fig. tal. The cases studied are within the context of the linear theory of elasticity
where dynamic and temperature effects are neglected, and the two bodies are of identical
materials.

Considerable research into the nature of adhesive bonding has been done experimentally and
by means of engineering theories, e.g. beam or shell theories. The use of the engineering theories
allows problems of fairly high complexity to be studied, but the complete determination of bond
stress would be only approximately given. On the other hand an elasticity theory can determine
the bond stress with greater accuracy, but the geometric complexity of the problem must be
diminished. A general survey of the field is provided in the book edited by Eley[1) which reviews
both the analytical and experimental theories. In particular, an article by Sneddon discusses some
of the approximate theories. The strength of lap joints has also been discussed by Greenwood [2],
who drew some conclusions as to the influence of the joint geometry upon its strength. Some
interesting solutions to particular problems using the engineering theory are given by Goland and
Reissner[3] and Lubkin and Reissner[4].

The solutions which use the engineering theory do not have to apply special consideration to
the end of the layer. On the other hand, solution to the problem of bonded bodies, a lap joint for
example, by means of the theory of elasticity becomes very complicated; therefore, theory of
elasticity solutions generally ignore the ends of the strip by considering the problem of infinite
strips bonded together. Chang and Muki [5] deal with stress distributions in lap joints under
cleavage and tension-shear loading within the context of theory of elasticity. Infinite layers are
considered and the problem is reduced to Fredholm integral equations which were solved
numerically. A related problem for two bonded layers was solved by Keer[6], and for a double
lap joint by Keer and Chantaramungkorn [7], who reduced the governing equations to a system of

Fig. Ia. Geometry and coordinate system of a layer of finite thickness and length perfectly bonded to a
half-space.
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singular equations which were solved using the numerical scheme of Erdogan and GuptalXi.
Again it was assumed that the solution to the problem of infinite layer~ was a realistil'
approximation to that of layers with ends. It was assumed that the general hehavior of th~ hllllli
stresses and their effect could be adequately explained by ignoring the effects of the end of the
layer. One goal of the present investigation is to compare the stress distribution of an infinite
layer with that of a finite layer bonded to a half-space of the same material.

The problem to be studied is somewhat analogous to that of an elastic stiffener honded I" "

half-space which was solved by Erdogan and Gupta[9]. The thickness of the stiffener \\as
assumed to be sufficiently small as to al10w it to be approximated hy a heam in extcn~1l1l1

(generalized plane stress assumption) and only the bond shear stress was considered. Howe\ er.
in this case there wil1 be no restrictive assumption on the covering layer. The numerical anal\ "I

is applicable only for the case where the cover layer is of the same material as the half-space.

GENERAl. APPROACH

The present analysis considers the plane prohlem in the theory of elasticity for a layer of finik
thickness, h, and length, 2d, that is perfectly bonded to an elastic half-space. The length of the
bond is 2e, and its thickness is assumed to be zero in the analysis. The geometry. coordinate
system, and loading configuration of the problem are given in Fig. la. The rectangular coordinate
system, x and y, is oriented such that the plane x = 0 gives geometrical symmetry to the problem
and the plane y = 0 is on the line of the bond. The elastic constants of the layer and half-space.
shear modulus and Poisson's ratio, are denoted by Ill, VI and Il~. l'~. respectively. In the
subsequent sections the superscript or subscript, (I) and (2), will refer to the layer and half-space.
respectively. The layer is subjected to a uniform compressive load, p, on the surface x ,~ .d. and
is stress free on y = -It and x = d.

The boundary and continuity conditions of the problem are

j~I\~ == T~.\~ :::: 0, ,r= -It. O:'S Ix Is; d I))

T',',' = -P} x = -d. -It <; y <0 i ~lfll •
T.n - =0

T~~\~ ::= Tl./~ ::= O. X =d. -It < y <0 i .~J

T',\,~ = T"~,'}
Y =o. O-::;Ixl< d 1·;(1111 (2)'

T \"." == 'j \'\'

Tl~~~ ::-: Tl\~~ := O. \' =0. (' <lxl<X l'il

Ux"'- U;2' =O}
Y =O. Os; Ixl s; c. (hi(II (2) •

Ii,· - U,. =0

Here, eqns (1)-(3) describe the loading configuration on the surfaces of the layer. The
continuity of the shear and normal stresses on the plane y = 0 is given in eqns (4). The mixed
boundary conditions on the plane}' = 0, eqns (5) and (6), express the fact that the displal:cmcnh
are continuous in the bond region. -(' :S X ~ c. and that the shear and normal stresscs \anish
exterior to the bond.

The general method for solving the given problem will he hy means of a sliperpl1Sitillll
technique where the solution is written as the sum of two solutions in thc form:

Here, Vii' is the required solution and ali'. u lj
' are solutions to two problems. the sllperpn~ition <It

which will satisfy the boundary and continuity conditions of the desired prohlem.
The two superposition solutions required are given by Figs. Ib and Ie and are the prohlL'm~ of

an infinite layer bonded to an elastic half-space (Fig. Ib) and of a layer having ,'racks
perpendicular to its surfaces (Fig. Ic). The superposition solutions will be referred to a~ I and II.
respectively, referring to Figs. Ib and Ie.
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Fig. Ie. Geometry and coordinate system of a layer having cracks perpendicular til its surfaces.

The boundary and continuity conditions for problem I are the following:

lOR]

1~~) = 1~1: == 0, y = -h, O:5/xl<x (8)

II) Ilf}1 ...', = 1.,}'
Y =0, O:o;lxl <x (9)(I) _ (:!f ,

1 yy - 1 y.\'

r~~J == 1~;~ == 0, y == O. c < Ixl < 'X (10)

"'_ ",=",+1/( l}u.. u.. 4 I X
ILl Y =0, o:o;lxl:5 (' (ll)t

(1)_ C2J_KI+J!() ,
Uy Uy - 4 :! X

ILl

where K == 3 - 4v for plane strain and K =(3 - /I )/( I + /I) for the plane stress and where the
right-hand sides of eqns (l J) are displacement mismatches in the bond region on the plane)' == O.

The problem I is seen to have the same boundary and continuity conditions as the desired
problem except for the condition that the stresses on Ix I= d of the layer and the displacement
continuity in the bond region are not satisfied. Thus, the necessity for developing a solution for
problem II is seen. The relevant physical quantities of problem I that are important for the
superposition technique are the normal and shear stresses calculated on the surfaces Ixl = d of
the layer. They are

j~~( -d, y) == (TI(Y)

1
I,I}( -d, y) == rl(Y)

,1::(d, )') == (T:!()')

r~I}(d, y) == T:!()')

(2)

(13)

(14)

(l5)

where (TI, 11, (T2 and T:! are functions of )' used to describe these stresses.
The problem II is that of a layer having two identical vertical cracks at a distance d from the

center of the layer. Each crack is of length a - h with the crack tips at distances a and b from the
lower surface of the layer. The normal and shear stresses will be prescribed on the surfaces of
each crack. Problem II has the following boundary conditions:

1~1~ == r~~~ == 0, y == -h. 0 ~ Ix I< 'X

1~1\~ = 1~1\~ = 0, }' == O. O:s Ixl <"Xl

f/,(X) and f,(x) arise from possible superposition of elementary solutions[n, 7].

(16)

(17)
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T':"=PIIYJ} ·----.d - <'" ',' ···h,\) ( , .\-- , (/" ~ .
T,,=q,y)

T;~' -= [J~/ \' I}
,\) ·.X -.- d. .. (/ < \'", . /J.

T " ..-= q~/ .\' l. .

( II'I

,IY,

,~l)1

Here, PI, q" P2 and q~ are normal and shear stresses prescribed on the surfaces of the cnl\:ks. Thl'
important physical quantities to be computed are the horizontal and vertical displacemenb on thl'
plane ~' = O. given as

," K,-t" I
II., -= -4--~,(Xl

J1.'

II .' I , .= K, + I ",(x I
, 4/1, ,~.

Here, g, and g2 are functions of x used to describe these displacemenh.
It is now clear that the superposition of solutions I and II will give the desired solutions

provided that the following conditions are satisfied:

(T,IYl+P,IYl=-P} --- _ <... <,,'-

T,lyl+q,ly)=O . x- d. a·~ - h

(T~/Yl+P2IY)=()} r=d -a<y<--h
T~(Y) + q~ly) = 0 .- .

f,(X)+,I(,(X)=O}.r -=0. OSlxl$('.
UX)+,dx)=O .

121 )

12:~1

Here, eqns (21) and (22) satisfy the boundary conditions, eqns (2) and (3), on the surfaces IX d
of the layer under the condition that the limiting value of b approaches zero and that of li

approaches h, Equations (23) satisfy the mixed houndary conditions, eqns (6). for displacemenh.

Solution to Problem I
Solutions satisfying the displacement field equations appropriate for a layer and half-space

can be written as exponential transforms (see, e.g. Keer and Chantaramungkorn [7]),
In view of the continuity conditions, eqns (9), and the boundary conditions of the top surface

of the layer, eqns (8), the integral transforms can be written in terms of the shear and normal bond
stresses T(X) and cr(x) and when put into the differentiated form of the displacement houndary
conditions, eqns (II), lead immediately to the following pair of coupled singular integral
equations (see. e.g. eqns (\7H2\ l in 17] with ,8~ -> 0):

I J' T(s)ds () J"- ---+a,cr x + [T(,\lK,(s.x)+-(T(s)K 2/s.x)]ds
IT ,. s - x ,

J J' £T(S) ds J"- --_--aIT(xl- IT(.\}K~ls,x)-(T(S)K~(s.xl]ds
IT ... S x ,

(I + a~) df~

=-rdx'

where

(I<:[xl<(' 1~4al

K ( - ( \ + (2) f' \ I' h ~ . .,s.x)--,,- A(e s ,8+,8 -,8)smg(.\-x)d~
_7T n.:.l

(\ + a~) l' \ 2
K~/s. X) = -,,-- -;,8 cos ~/s - x Jd~

... 7T (I.:..l

K - - (J + U2) I.' I I< h 2 - .
~/.\,X)--,,-- Ale s ,8+f3 +(3)sm~(.\-x)d~

_1'f (I i..l

125,,1

125hl
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A= sh2 f3 - f3 2 (26)
and

f3 = 1~lh. (27a)

!J.lKI -I) -!J.I(Kz- I)
(28a)al=

!J.z(KI + I) + !J..{K2 + 1)

_!J.z(KI + 1) -!J.I(K2 + 1)
(28b)a.,-

- !J.2(KI + 1)+ !J..(Kz+ 1)"

Constants a., az were introduced by Dundurs[IO]. In addition, the singular integral equations
require the following subsidiary conditions:

{',. T(X) dx = -ph

I',. u(x) dx = 0

which are simply the conditions of static equilibrium in the bond region. The normal and shear
stresses at any point on the layer are easily found to be

1 JeTxxCX, y) == -; _,. [T(S )M.(s, X. y) +u( s)Mz(s, x, y)] ds

1 IeTxy(X,y)=; .-e [T(s)M3(s,x,y)+CT(s)M4(s,x,y)]ds

where { = ~)' and

M 2(5 - x)] foo 1 (2 h h -fJ h z
l=rvZ+(s-x)2]2+J() K[ c (+(s ()(e s (3+(3 -(3)

+ (sh (+ (ch ()f32] sin ~(s - x)d~

(30)

(31)

(32a)

(32b)

(32c)

(32d)

The unknown stress functions u .. T .. (1'2 and T2 can be obtained by evaluating eqns (30) and (31)
on x = -d and d, respectively. For identical material el. = Ct'z == o.

Solutioll to Problem II
Problem II, which is shown in Fig. Ie, will be solved by a superposition technique. First, a

solution to the problem of a crack in an infinitely extended body is given. In this problem, shown
in Fig. 2, the vertical crack of length a - b is located such that the crack is at a distance -d from
the y-axis and the tips of the crack are at distances -a and -b from the x-axis. Normal and shear
stresses are prescribed on the faces of the crack.

If the jumps in displacement derivatives are given as

x =-d

x =-d

(33a)

(33b)
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when -(1 < y < --h and A '=' B '2 notherwise. then it is easy to verify that general expressions for
the stresses art?

T,,== 2J.l { .. J /';\(/)(1" .1'11(/", .d+~lx+dl~I~,dt
. 1T1 J + I< J .,

.:. L\ +d IJ,," BU )f(t -- y)~ -- (x .j. dl~]~, dt} (34a)

T""==~-{(X"'d)J /. AIII\(( II"' IX' d)~11,dt
. 1T(1+K) "

I ," BltHI _. YIIU-.d -1.\ +dI2]d1dt} <34bl

T" == 1T1 ~~ K ) {J ,," AU)( t .....\'11 U - .d - 1.\ + £/)~J~, dt

1.\. d) J,:' BU ll~(/ .... n' + IX + d l~ldl dt} (~4(1

where

In eqns (33) the supers(ript I refers to the region to the left of the crack where x <" -d and the
superscript 2 refers to that to the right of the I:rack where x > -d. The expressions for stresses.
eqns (34) can be applied for any value of x and y.

The significant physical quantities, au, i (IX and illl" Iax on ." = n, (an be written as

au" 1 { d J /. A ' 2
aX=Z1T(I+KI (x+ ) ".'"tltlIIK+~W.j..(K· I)(x-l-dl]d,dt

J,," Bltltl(K + ~)t2 + IK .- 1)(x + d)2]d.• dt} f36bl

where

The solutions for the prohlem where the \.Tad is located at a distanl'e d from the y-axis \.·an
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be obtained by replacing d by -d, A(t) and B(t) by C(t) and D(t) and .:1\ by .:12, respectively,
where

x=d

x=d

(38a)

(38b)

(39)

In this case the superscript t refers to the region to the left of the crack where x < d and the
superscript 2 refers to that to the right of the crack where x > d.

The superposition of the solutions to these two problems provides shear and normal stresses
on y =-h and y =O. Next, a layer solution with prescribed stresses on the surfaces y =-h and
y = 0 is developed to cancel those from the parallel crack solutions. Such a solution can also be
taken from [7] by suitable reduction. The layer solution with cracks yields the following results
which are appropriate to the present analysis:

4 [1-10
(~T;u(X,y) = '7T(l~K) -0 A(t) Jo N\cose(x+d)dedt

+L~b B(t) L~N2 sin e(x + d) de dt + f~b C(t) L~ N l cos e(x - d) de dt

+ L~b D(t) L~N 2 sin e(x - d) de dt] (40a)

4 [1- 10
(~

'TXy(X, y) = '7T(l ~ K) -0 A(t) Jo N3 sin e(x + d) de dt

+ L~b B(t) L~ N4 cos e<x + d) de dt + f~b C(t) L~ N3 sin e(x - d) de dt

+ L~b D(t) L~ N4 cos e(x - d) de dt] (40b)

where

.:1N1 = (2 ch { + { sh {)[,., sh {3 ch ({3 + ,.,) - {3,., ch ,., + sh ,., (e-II sh {3 + (32 - (3)]

+ (sh { + { ch {)[,., sh {3 sh ({3 + ,.,) + {3 ({3 + ,., ) sh ,.,]

+~.:1e"[(2+{)e'-,.,e-'] (4ta)

.:1N2= (2 ch { + { sh {)[{3 ({3 + ,., ) sh ,., - ,., sh {3 sh ({3 + ,.,)]

+ (sh {+ {ch {)[sh ,.,(e-II sh {3 + (32+ (3) - {3,., ch,.,

- ,., sh {3 ch ({3 + ,.,)] +~.:1 e"[(l + () e' +,., e-'] (4tb)

.:1N3 = (sh {+ {ch {)[,., sh {3 ch ({3 +,.,) - {3,., ch 1/ + sh 1/(e-1I sh {3 + (32 - (3)]

+ {sh ([{3({3 +,.,) sh,., +,., sh {3 sh ({3 + ,.,)] +~.:1 e"[(l + () e' +,., e-'] (4lc)

AN4 = (sh , + { ch n[,., sh {3 sh ({3 + ,.,) - {3 ({3 + ,.,) sh ,.,]

+ { sh {[1/ sh {3 ch ({3 + 1/) + {3,., ch ,., - sh 1/(e-1I sh {3 + (32 + (3)]

+!.:1 e" [(,., e-' - { e')] (4td)
2

and

,., =~t. (42)
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~ I {f~ . ~ax"" 27T(1+ K) "u A(t)t[(K -1)r-(3K + 1)(x +d) Jd3 dt

+ (x +d) rib B(t)f(5K -l)tZ+(K -1)(x +d)Z]AJdt

+ r.b

C(t)t[(K-l)t Z -(3K+I)(x-d)2]d4dt

+ (x - d) f ~.b D(t)[(5K -1)t 2
- (I< -1)(x - d)2]d4dt}

+1 f- b

[AU) r~ N~ cos g(x + d) dg + 8(t) (~ Nt> sin g(x + d) d~
11" -d Jo Jo

+C(l) L~ N~ cos ~(x - d) dg + D(t) L~ Nt> sin ~(x - d) d~] dt (43a)

~~Y "" 27TO
I
+ K) {(X + d) L~b A (t)[(31< + I)t 2

- (I< -I)(x + d)2]d3 dt

+ J~h B(t)tf-(3K + I)t z+(K-I)(x+dflA3dt

+ (x - d) r,h C(t)[(3K + 1)t2- (K -1)(x - d)2]d4 dt

+ L~b D(t)t[-(3K + l)t 2 +(K -I)(x - d)2]d4 dt}

+.; J.~,h[A(t) LX N, sin g(x + d) d~ + B(t) E' Ns cos t(x + d) dg

+C(t) L~ N,sing(x-d)d{+D(t) LX NsCOS~(X-d)dg]dt (43b)

d4 == AM. x. 0) (44)

AN~ = 'II [e-.s sh,6 -,6) ch 'II +e",62] + sh 71(e-13 sh,6 +,62 -,6) (45a)

ANt> = 'II [(,6 - e-.s sh,6) sh 71 - e",62] +,62 sh 1) (45b)

AN, = -1){(e-13 sh,6 +,6) sh 1) + e",62] _,62 sh 1) (45c)

ANs = -l1[(e -/I sh,6 + ,6) ch 'II + e",62] + sh 1)(e-.s sh,6 + ,62+ ,6) (45d)

The superposition of the two crack solutions and the layer solution leads to the required
solution for the cracked layer shown in Fig. lc.

The boundary conditions. eqns (18) and (9). lead to the following singular integral equations:

PI(Y)= 7T(~~K)f-~h {A(t)[-1/(t- Y)+2 L~ Nld~]
+ C(t){-A2(t. -d. y)(t - y)[(t - y)2+ 12d2]

+ 2 r N l cos (2gd) de] + D(t)[-2dAz(t. -d. y)[(t - y)2 - 4d 2
]Jo

- 2f Nz sin (2gd) dg)} dt, -a < y < -b (46a)

ql(Y) = 11"(:~ K) L~.b {8(t)[-11ft - y)+ 2L~ N4 dg]

+ C(t)[-2dAz(t. -d. y)[(t - yi +4d 2
] -2 L'" NJsin (2td) d~J

+ D(t)[-A2(t, -d, y)(t - y)[(t - }' f - 4d2]



Stress analysis for a layer of finite length 1087

+2L~N4COS(Ud)d~]}dt, -a<y<-b (46b)

P2(\') == 1Td~ K}L~b {C(t>[-l{(t - y)+2 L~N,dgJ

+ A(t)[-dl(t, d, y)(t - y)[(t - y)2+ 12d2]

+ 2L~ N 1 cos (2~d) d~] + B(t)(2dd\(t, d, y}[(t - y)2_4d2]

+ 2L~ N2 sin (2~d) d~]} dt, -a < y <-b (46c)

Q2(y) == 1T(~~ K) L~b {D(t)[ -1/(t - y) +2L~ N4dg]

+ A(t)[2dA,(t, d, y)[(t - y)2 - 4d2]+ 2L~ N3 sin (2€d) d~]

+ B(t)[-dl(t, d, y}(t - y)[(t - y)2_4d2]

+ 2L~ N4 cos (2~d) d€]} dt, -a < y < -b. (46d)

The differentiation of eqns (20) with respect to x leads to

(~:,1)~~1 ==; L~b {A(t)[-2(x +d)2d3t + L" N 5 cos ~(x + d)d€] + B(t)[2(x + d)d3t2

+ L~ N6 sin ~(x + d) d~] + C(t)[-2(x - d)2A4t + L" Ns cos ~(x - d) d~]

+ D(t)[2(x - d)A4t 3 + L~ N6 sin ~(x - d) d~]} dt (47a)

(K~;I t)~~2 ==;- L~b {A(t)[2(x + d)A3t
2
+L~ N7sin ~(x + d) d~]

+ B(t)[-2A3t
3 +L~ NsCos ~(x + d) d~] + C(t>[2(X - d)~t2

+L~ N7sin~(X-d)d~]+D(t)[-2d4t3+r Nscos~(X+d)d~]}dt. (4Th)

Superposition of Problems I and II
The governing singular integral equations are obtained from eqns (21) to (23) by letting b

equal zero and a equal h. They are written in the form

1 JC
-; -c [T(s}M,(S, -d, y)+ IT(S)M2(S, -d, y)] ds + Iimpl(Y) == -p,-h < Y <0

t JC
;- -c [T(s)M3(s, -d, y) + IT(S)M4(S, -d, y)] ds + lim q,(y) == 0, -h < Y<0

t IC

-; _,. [T(s)M,(S, d, y)+ IT(s)M2(s, d, y)] ds + lim P2(y) ==0, -h < Y<0

1 ft.
-; -c [T(s)M3(s, d, y)+ IT(s)Mis, d, y)] ds + lim q2(y) == 0, -h < y <0

where the notation

lim == lim

is used.

(48a)

(48b)

(48c)

(48d)
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In the equations given above, the kernels MI. M 2• M, and M. are defined by eqns (32) and the
stresses PI, ql, P2 and q2 by eqns (46). Equations (48) represent the boundary conditions for
stresses on the surfaces x == ±d of the layer. The continuity conditions for displacements can be
obtained by differentiating eqns (23) with respect to x and substituting eqns (24) and (47) into the
result. This gives two singular integral equations of the form

I Je [I ] Ie- T(S) ----=-+7TK ,(s,x) ds+ula(x)+7T -,- S x ,-
a(s)K2(s. x) ds

(l+u2),. dg , 0+--.,- Im-
d

= •_ X (49a)

(49b)

Equations (48) provide a set of singular integral equations to be solved for the unknown
quantities which, in this case. are the bond stresses and the slopes on.the surfaces IxI== d. In
addition to the singular integral equations, the static equilibrium of the bond stresses, eqns (29)
must be satisfied. It should be noted that there are usually consistency equations associated with
the cracks located on Ixl == d. However, the nature of the singularities. which is discussed later,
will not require these conditions to be imposed.

Nature of singularities
For the case when d > c. the unknown functions have integrable singularities at their end

points which are square root and will be written in the following form:

T(S) == To(S )(c 2- s2r l/2

a(s) == ao(s)(('2 - S2r- 1/2

A(t) = Ao(t)t'/2(t + h)I/2 (50)

In eqns (50) the choice of singularity at s == ±(' for T(S), a(s) is obviously square root, since if
the layer and half-space are of identical materials. its behavior should be the same as that for an
external crack. However, the nature of the singularity for A, B. C, D at t == 0, h is not in its correct
form as given by eqns (50). But the collocation scheme to be used later is conjectured to give the
significant stress intensity factors at s == ±c with sufficient accuracy as well as other physical
quantities of interest. This assertion will be discussed in the next section.

When d == c, the kernels in eqns (48) and (49) become unbounded when s == ±c and y = 0 and
the integral equations become generalized singular integral equations [II]. By separating out the
singular parts from each equation in the system of integral equations conditions appropriate for
the corners can be established. By assuming solution forms as follows;

T(S) == To(S)(C 2 - S2)'-1

(r( S ) == (T(I( s)( (' 2 - S 2)' --,

A(t) == Ao(t)t'--'U + h )1/2 (51)

where A is a positive constant, 0 < A< I. the following corner conditions result for s -+ -c, y -+ 0:

fl(1 + A) sin G7TA) + f 2Acos G7TA) + Ao(O)[sin2G7TA) - A2] == 0 (52a)

f,A cos G7TA) + f 2(1- A) sin G7TA) + Bo(0)[sin2G7TA) - A2] == 0 (52b)
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-2f l COS ('lTA) + Ao(O)(I- A) sin G'lTA) + Bo(O)A cos G'lTA) = 0 (52c)

-2f2 cos ('lTA) +Ao(O)A cos ('lTA) +Bo(O)(1 +A) sin G'lTA) =0 (52d)

where

f l = To(-c)(2ct- l /h I/2

f 2 = (J'o(-c)(2c)A-I/h 1/2.

Similarly, the following conditions result for s ..... c, )' -+ 0:

(53a)

(53b)

-f3(1 +A) sin G'lTA) +f4A cos G'lTA) +Co(O)[ sin2(~'lTA) - A2] =0 (54a)

f 3Acos G'lTA) - f 4(1- A) sin G'lTA) + Do(O>[sin2G'lTA) - A2] =0 (54b)

2f3 cos ('lTA) +Co(O)(I- A) sin G'lTA) - Do(O)A cos G'lTA) = 0 (54c)

2f4cos ('lTA)- Co(O)A cos G'lTA) + Do(O)(1 + A) sin G'lTA) = 0 (54<1)

where

f 3 = To(c)(2c)"-I/h 112

f 4 = (J'oC.c)(2c)A-I/h 1/2,

(55a)

(55b)

A nontrivial solution to eqns (52) and (54) is obtained only when the determinant of the
coefficients is equal to zero. Both sets of equations give

[sin2 (3'lTA 12) - A1[sin2 ('lTA 12) - A1 = O.

It is seen from the above equation that the value of A obtained from the equation

(56)

sin (3'lTA/2)- A= 0 (A = 0·54448) (57)

will provide the required singularity in agreement with Williams [12] for a right angle corner. It is
noted that the equation

sin (3'lTA 1/2) + At = 0

also gives a singularity for 0< AI < 1 but in this case AI > A and is not the dominant one.

Numerical procedure and results
The numerical solution is divided into two parts according to the nature of the singularities of

the unknown functions. When d > e, the unknown functions take the form given by eqns (50)
and can be solved by using the singular integral equations, eqns (48) and (49), together with the
static equilibrium conditions, eqns (29). Numerical results will be given 'only for the case of
identical materials for the layer and half-space. The parameters used in the calculation are dIe
and elh, which are geometrical. When d = c and the materials are identical and the only
parameter is clh, the unknown functions have the form given by eqns (51) with the positive
constant Abeing determined from eqn (57). In this case eqns (48) and (49) and eqns (29) are used
along with the corner conditions, eqns (52) and (54). Since eqns (52) and (54) are eigenvalue
problems. only three of the four equations are necessary from each group.
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In eqns (50) and (51) singularities at ." = - h are assumed to be of O(t 1/2) as t -+ - h, which is not
the correct one. These singularities are introduced as a convenience to be used with the numerical
scheme that foJlows. Since they are not of the correct form, one questions whether significant
accuracy is lost by using such singularities for the calculation of physical quantities. To test the
accuracy of the method the edge crack problem of Sneddon and Das[12] was formulated as a
singular integral equation. At the tip of the crack the singularity was O[(c - t)-1/2] as t -+ c while at
the free surface the crack was given a singularity of O(t 1/2) as t -+ O. The method of Erdogan,
Gupta and Cook[1 I] was used to numerically solve the integral equation. The comparison of
physical quantities (stress intensity factor and strain energy) with their results was sufficiently
close as to be considered exact. Below are shown results from the present analysis compared
with the most accurate results given by Sneddon and Das:

Stress intensity factor
Strain energy

Present Analysis

0·7929
0·9877

Sneddon and Das

0·7930
0·9877

It is convenient for the numerical analysis to introduce the foJlowing changes of variables in
eqns (48) and (49):

.~ = eSn, x = eXn

(58)

and

e= alt, d = 811

T( s) = T( <'Sn) = pc/> I(Sn)( I - S(
2)A,""1

0-(.1') = (7(cso) =PcP2(SO)(I- S02)A,-1

A (t) = A (hto)= PC:: K) An(t :,)(1- t:t,-I(1+ ':1)1/2

(59)

where A, = 1/2, A2 = 3/2 for the case d > c and A, = A2 = A for the case d = c.
Substituting eqns (58) and (59) into eqns (48) and (49) and using a Gaussian quadrature

formula to evaluate the integrals for appropriately selected values of the variables lead to the
foJlowing system of simultaneous algebraic equations:

~±CdcPl(Sk )ltM1(cSk. -81t, It.",) + cP2(sdhM2(cSk, -8h, hy,)]
1T k-I

+_1 ±Dk{An(tD[-lf(tk-.",)+2J
x

N1 d{3]
21T k~1 n

+ Co(t~)[-A2(htk' -8h, hy,)](tk - Yr)f(tk - Yr)2+ 128 2]

+ 2L~ N, cos (2{38) d{3] + Dn(W[-28Jdhtk' -8h. hYr)h 3[(tk - .",)2+ 128
2
]

- 2L~ N2 sin (2{38) d{3]} = -I (60a)

"- L Ck[c/>,(sdhM3(cSk, -8h, hy,)+ c/>isdhM4(CSk, -8h, hYr))
k~1
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+ Co(tD[-2~112(htk. -~h, hy,)hl[Uk - y,f-4~2]+2 LX N, sin (213~) dl3]

+ Do(tm-112(htk, -~h. hy,)h 3(tk - y,)[(tk - y,)2-45 2]

+2 L~ N4 cos (213~) dl3]} = 0 (60b)

"- L CdtP,(Sk)hM,(CSk. 5h. hy,)+ cP2(sdhM2(cSk. 8h. hv,)1
k=\ •

+-2
1 ±Dk{C(tD[-I/(tk - y,)+ 21~ Nt df3]
1r k=1 0

+ Ao(tk)[ -11,(htk, 5h. h}',)h 3(tk - Yr)[(tk - )',)2+ 1252]

+2L~ N, cos (2135) dl3] + B()(t~>[25d,(htk. M. hy, )h 3[(tk - y,)2 - 45 2
]

+ 2L~ N2sin (2135) dl3]} = 0 (60c)

n

~ Ck[tP,(sdhM3(cSk. 5h. hy,) + tP2(sdhM4(esk. 5h. hy,)]

+-2
1 i: A{Do(tD[-I/(tk - Y,)+21~ N4df3]
1r k= I (I

+ Ao(tU[25111(htk, 5h, hy,)h 3[(tk - y,)2_45 2]

+ 2L~ N3sin (2135) df3] + Bo(t ~>[-11,(htk, 8h. hy,)h"(tk - )', )[(tk - y,)2 - 45 2
]

+2L~ N4 cos (2135) df3]) = 0 (60d)

n

L CdcP,(sd[2/(Sk - x,) + ahK,(esk' ex,)] + ahK2(csk, ex, )q,2(sd]
k=t

+~ D{4<>(tD[-2(ax, + 5 )2h 3l1.,tk + L~ N~ cos 13 (ax, + 5) dl3]

+ Bo(tU[2(ax, + 5)h 3.llt/+ LX N"sin 13 (ax, + 8) dl3]

+Co(t~>[-2(aX,-5)2hl.1t.tk+ r N~COSf3(aX,-5)df3]

+ Do(t ~>[2(aX, - 5)h 3l1"t/ +L' N" sin 13 (ax, -15) dl3]} = 0 (60e)

n

~ CdtP2(sd[2/(Sk - x,) +ahK3(esk. ex,)]- ahK3(csk. l'X,)tPt(sd]If::',

+t, A{Ao(tk)[2(ax, + 8)h 3113tk2+ LX N, sin 13(ax, + 5) df3]

+Bc~tD[-2h3113t/+ L'" NSCOSf3(ax,-+-l))df3]

+Co<tD[2(aXr _l5)h3~tk2 +L"'N, sin 13 (ax, - 0) df3]

+ Do(t;.)[-2h3116 tk3+L" Ns cos f3(ax, - 8) df3]} = 0 (60f)

where the collocation points, Sk, x,., t;' and y~. are the roots of the following Jacobi polynomial
equations:
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p~AI-l.AI-1)(sd= O}
(61)

p~A"IAI'(X,) = 0

p~112.112)(t~) = O}
d>e (62a)p<-1/2.-1/2'( ")-0 '

n+1 YT -

p~A2-1.1/2)(t Ie) = O}
d=c (62b)

p~A2.-1/2)(y~) = 0 '

and

tk = (t ~ - 1)/2 )', = (y~-1)/2. (63)

The coefficients Ck and Dr. are the corresponding weights of eqns (62), (62a) or (62b).
The application of eqns (58) and (59) into the subsidiary conditions, eqns (29), (52) and (54),

leads to the following equations:

.
L Ckq,,(Sk) = -l/a (64a)
k~1.
L Ckq,2(Sk) = 0 (64b)
k~1

n(1 + A) sin G1TA) + r;A cos G1TA) + Ao(1)[sin
2

G1TA) - A2] = 0 (65a)

nA cos G1TA) + f;(1- A) sin G 1TA) + Bo(1)[sin
2

G1TA) - A2] = 0, (65b)

-2n cos (1TA) + Ao(1)(1 - A) sin G1TA) + Bo(l) cos G1TA) = 0 (65c)

-n(1 + A) sin G1TA) + r~A cos G1TA) + Co(l>[sin
2

G1TA) - A2] = 0 (66a)

nA cos G1TA) - n(1- A) sin G1TA) + Do(l>[sin
2

G1TA) - A2] = O. (66b)

2ncos (1TA)+ Co(1)(\ - A) sin G1TA) - Do(\)A cos G1TA) = 0 (66c)

where

r; = q,;(-1)(2a)A-"

r:= q,; (1)(2a )A-1,

i = 1,2

i = 3,4.

(67a)

(67b)

For the case where d > c. a set of 6n x 6n simultaneous algebraic equations is obtained from
eqns (60) and eqns (64). It is noted that eqns (62) give n + I values of y~ that satisfy eqns
(60a)-(6Od) and therefore four equations corresponding to one of y ~'s must be dropped. In general
the equations corresponding to Y~/2+1 are ignored. The case where d = e presents some problems
in the determination of the unknowns due to the fact that the corner conditions. eqns (65) and
(66), must also be satisfied. The simultaneous algebraic equations are solved by first ignoring the
six corner equations, eqns (65) and (66), but using appropriate collocation points. Using solutions
of the case where d > e as a check, it is observed that the accuracy of the bond stresses obtained
in this case are in a reasonable range but that the slopes are not. Next, six equations are dropped
from the simultaneous algebraic equations in favor of the six corner conditions. These equations
correspond to Y~ and Y~-I (two equations from eqns (60a) and (6Ob), four equations from eqns
(6Oc) and (6Od). The results obtained in this case are in a reasonable range with those previously
obtained for the case where d > e.

Numerical solutions were obtained for the cases where the ratio of layer length to bond
length, dIe, are 1·25 and 1. In each case the geometrical parameter cIh had the values of 0,5, 0·75.
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1, 2 and 3. The number of points, n, was taken as 16 in all cases considered. The range of
parameters given by the above method appears to be limited. The nature of the bond stresses for
large values of c Ih seems to require n to be greater than 16 in order to get a good approximation
outside of this range. Due to the choice of unknowns in this problem, which are the bond stresses
in the bond region. -c $ x $ c, and the slopes on the surfaces of the layer, -h $ Y $0, the
number of points used to approximate these unknowns, for a particular value of cIh, should be
different for the two regions in order to obtain a good approximation. Otherwise there is difficulty
when c/h is small (corresponding to a beam problem). For this case the number of points, n, has
to be greater than 16 to give accurate results. Such a large number is not practical in this
numerical evaluation due to the amount of unknowns for the problem.

By separating the applied uniform load into symmetric and antisymmetric components, the
unknowns for both cases can be obtained. The required solution is the sum of solutions of these
two cases. For the symmetric case the problem is solved by employing the method described in
[6], where an elementary extension solution is added to the layer to provide an appropriate
displacement mismatch in the bond region. (Eqns I I).

The physical quantities of interest are the stress intensity factors, k, and k2 , of the shear bond
stress and k.1 and k4 of the normal bond stress. These quantities are defined as follows:

k, =- lim [2(1 + sn)lH'T(CSn)/p = -c!>,(-I)
.'1:0-.... 1

k2=-lim [2(1- so)1' "T(cso)/p = -c!>,(I)
su·- r

k3 = lim [2(1 + so)) 1-A1(T(cSo)1p = c!>2(-1)
·'IIOu-.. -1

k4 = lim [2(\ - SII»)'" 'I(T(CSII)/P = c!>2( I).
~o-I

(68a)

(68b)

(68c)

(68d)

In eqns (68) the stresses are given by the definitions, eqns (59) and AI = 1/2 for the case d > c
and AI = A for the case d = c.

Tables I and 2 show the stress intensity factors for the cases where dIe are equal to 1·25 and I
for various values of c Ih. It is observed that the stress intensity factors decrease as c/h
increases, as should be the case. Also the range of parameters here is not sufficient for the stress
intensity factors to approach a constant value. Table 3 gives the stress intensity factors for the
case where cIh = 1 for various values of dIe. It is seen that the stress intensity factors approach
the values for an infinite strip very quickly as the layer length increases relative to the bond. In

Table I. Stress intensityfaclOrs vs the geometrical parameter a with dIe = 1·25

c/h k , k2 k 3 k4

.5 .648 .4,8 10349 .1.309

.367 .188 .390 -.325

2 .232 .066 .188 -.076

3 .105 .033 .145 -.033

Table 2. Stress intensity factors vs the geometrical parameter a with die = I

c/b k , k2 k
3

k4

.5 .736 .623 1.354 -1.147

.75 .:;:.. g .342 .842 -.629

.326 .220 .601 -.390

2 .164 .05E .302 -.106

3 .116 .02, .214 -.046
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Table 3. Stress intensity factors vs the geometrical parameter d! " with" .., 1

dIe k, k
Z k3

~ .

1.25 .3671 • 18~1 •.~979 -.32:\;·

1.50 .3845 .1979 .3896 - • .;2()~·

Z .3872 .'''97 .3895 -.~20l.
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stress intensity factors is such that k3 > kJ for small values of a and this inequality is reversed for
larger values of a. On the other hand from Table 2 it can be seen that in all cases the value of k3 is
greater than that of k l by about a factor of two. Thus, there is a qualitative difference in the ratios
of shear and normal stress intensity factors.
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